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Abstract
We introduce the language of multiplier Hopf algebra in the context of
positive representations of split real quantum groups, and discuss its applica-
tions with a continuous version of Lusztig-Kashiwara’s canonical basis, which
may provide a key to prove the closure of the positive representations under
tensor products, and harmonic analysis of quantized algebra of functions in
the sense of locally compact quantum groups.
1 Introduction
The notion of positive principal series representations, or positive representations
for short, was introduced by I. Frenkel and the author [12] as a new research program
devoted to the representation theory of split real quantum groups Uqq˜(gR), where
q = epiib
2
and its dual q˜ = epiib
−2
. It uses the concept of modular double for quantum
groups [7, 8], and has been studied extensively for Uqq˜(sl(2,R)) by Teschner et al.
[2, 31, 32] in the context of Liouville conformal field theory. Explicit construction of
the positive representations Pλ of Uqq˜(gR) associated to a simple Lie algebra g has
been obtained for the simply-laced case in [17] and non-simply-laced case in [18],
where the generators {Ei, Fi,Ki} of the quantum groups are realized by positive,
unbounded, essentially self-adjoint operators acting on L2(Rl(w0)). Here l(w0) is the
length of the longest element w0 in the Weyl group W . Furthermore, the so-called
transcendental relations of the (rescaled) generators:
e˜i = e
1
b2
i
i , f˜i = f
1
b2
i
i , K˜i = K
1
b2
i
i (1.1)
give the self-duality between different parts of the modular double, while in the
non-simply-laced case, new explicit analytic relations between the quantum group
Uq(gR) and its Langlands dual Uq˜(
LgR) have been observed [18].
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It becomes clear in the work [15, 19] that the positivity of the generators is
immediately connected with the notion of multiplier Hopf algebra introduced by
van Daele [35]. Namely, by taking complex powers of the generators as unbounded
operators, we can define a C∗-algebraic version of the Drinfeld-Jimbo quantum
groups UC
∗
qq˜ (gR) that is in some sense dual to certain locally compact quantum
groups [24, 25], based on earlier work by Baaj and Skandalis [1], Woronowicz [36]
and others. This allows us to define the modular double as a quasi-triangular
multiplier Hopf algebra with the universal R-operator being the canonical element
of the corresponding multiplier Drinfeld’s double, giving a braiding structure of the
positive representations.
More importantly, we believe that this establishes a link between the C∗-algebraic
theory of Connes’ non-commutative geometry and Woronowicz’s matrix quantum
groups, and the theory of Drinfeld-Jimbo type quantum groups at the algebraic and
combinatoric level, providing both sides with new machineries.
The construction of UC
∗
qq˜ (gR) involves a continuous version of the PBW basis,
and subsequently the concept of a continuous version of the canonical basis, gen-
eralizing the finite dimensional concept first discovered by Lusztig [27, 28], and
subsequently proved to exist by Kashiwara [21], using a different method under the
name of global crystal basis. One can think of it as an analogue to the relation
between the (discrete) Fourier series in the harmonic analysis over the circle, which
is compact, and the (continuous) Fourier transform in the harmonic analysis over
the real line, which is non-compact, with the exponential functions in both cases
being the corresponding basis. Furthermore, the use of the remarkable quantum
dilogarithm function Gb(x) and its variant gb(x) introduced earlier by Faddeev and
Kashaev [9], will play the role of the q-factorial as well as quantum exponential
function in the (continuous) split real setting.
We believe that the nice properties of the canonical basis, especially its behavior
under the decomposition of tensor products [21, 29], can be generalized to the
continuous version in certain settings, which enables us to complete the proof of the
tensor category structure of the category Rep+(Uqq˜(gR)) of positive representations.
Moreover, the use of the multiplier Hopf algebra also allows us to study the
dual of UC
∗
qq˜ (gR), which appears to be the right object for the harmonic analysis of
quantized algebra of functions, and coincides with the notion of matrix quantum
groups in the locally compact quantum groups setting [24, 25]. With the machin-
ery of the multiplicative unitary, the language of multiplier Hopf algebra provides
insight in proving a version of Peter-Weyl theorem for the modular double of split
real quantum groups.
As a final remark, the modular double Uqq˜(sl(2,R)) arising from Liouville theory
is known to be closely related to quantum Teichmu¨ller theory through the construc-
tion of conformal blocks [33]. On the other hand, it can also be constructed out of
the representation theory of the Borel part of Uqq˜(sl(2,R)), which is the quantum
plane [13]. With the help of the continuous canonical basis in the higher rank, the
restriction of the positive representations of the modular double to the Borel part
Ub ⊂ UC
∗
qq˜ (gR) is recently studied in [20], which allows us to construct a quantized
version of the higher Teichmu¨ller theory as introduced by Fock and Goncharov [11],
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and connect with Toda field theories [10, 37].
2 Multiplier Hopf Algebra
In this section let us recall the basic definitions of multiplier Hopf algebra. For
further details please refer to [35]. One of the original motivation of multiplier Hopf
algebra is the following. Consider continuous functions C[G] on a compact group
G. Then the multiplication on G induces a coproduct ∆ : C[G] −→ C[G] ⊗ C[G]
given by
∆f(g1, g2) = f(g1g2). (2.1)
When we discuss locally compact group G, due to the Gelfand-Naimark theorem, it
is natural to consider the C∗-algebra C0(G) of functions vanishing at infinity. How-
ever, the formula for ∆ above may no longer maps to C0(G)⊗C0(G). Nonetheless,
∆f is still bounded and multiplication with elements in C0(G) ⊗ C0(G) stays in
the same space. Hence it is natural to extend the definition of the coproduct and
introduce the following notion.
Definition 2.1. Let B(H) be the algebra of bounded linear operators on a Hilbert
space H. Then the multiplier algebra M(A) of a C∗-algebra A ⊂ B(H) is the
C∗-algebra of operators
M(A) = {b ∈ B(H) : bA ⊂ A,Ab ⊂ A}. (2.2)
In particular, A is an ideal of M(A).
Definition 2.2. A multiplier Hopf *-algebra is a C∗-algebra A together with the
antipode S, the counit ǫ, and the coproduct map
∆ : A −→M(A⊗A), (2.3)
all of which can be extended to a map from M(A), such that the usual properties of
a Hopf algebra holds on the level of M(A).
In particular, the standard example is A = C0(G), andM(A) will be the algebra
of bounded functions Cb(G) on the locally compact group G.
Another motivation comes from the definition of the universal R-matrix, which
is a very important solution to the Yang-Baxter equation in the theory of com-
pact quantum groups giving the category of finite dimensional representation a
braiding structure [5]. However, R is defined as an element of certain completion
U~(g)⊗̂U~(g) which is not very natural in the split real setting. In particular, for
the theory of modular double Uqq˜(gR), the universal R operator is defined by an in-
tegral transformation, and therefore the expression using generators of the split real
quantum group does not lie in any algebraic completions. The following definition
gives a natural interpretation of R as an element of a multiplier Hopf algebra.
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Definition 2.3. A quasi-triangular multiplier Hopf algebra is a multiplier Hopf
algebra A together with an invertible element R ∈M(A⊗A) such that
(∆⊗ id)(R) =R13R23 ∈M(A⊗A⊗A), (2.4)
(id⊗∆)(R) =R13R12 ∈M(A⊗A⊗A), (2.5)
∆op(a)R =R∆(a) ∈M(A⊗A), ∀a ∈M(A), (2.6)
(ǫ ⊗ id)(R) =(id⊗ ǫ)(R) = 1 ∈M(A). (2.7)
In Section 4, we will discuss the construction of a C∗-algebraic version of the
Drinfeld-Jimbo type quantum group Uqq˜(gR) using a continuous version of the
canonical basis, such that R naturally arises as the canonical element of this mul-
tiplier algebra.
Finally in Section 6, we discuss the application of multiplier Hopf algebra in
the context of harmonic analysis on the quantized algebra of functions on G+
qq˜
(R),
which is certain dual algebra to Uqq˜(gR). Here the power of multiplier Hopf algebra
comes with the tool W called the multiplicative unitary. More precisely,
Definition 2.4. Given a GNS-representation of the multiplier Hopf aglebra A on
the Hilbert space H, a multiplicative unitary is a unitary operator W ∈ B(H⊗H)
satisfying the pentagon equation
W23W12 =W12W13W23, (2.8)
where the leg notation is used.
Then the following key properties are needed:
Proposition 2.5. The multplicative unitary encodes the information of the coprod-
uct, i.e.
W ∗(1 ⊗ x)W = ∆(x), x ∈ A (2.9)
as operators on H⊗H.
Proposition 2.6. The multiplicative unitary encodes the information of the Hopf
dual Â, i.e.
Â := {(ω ⊗ 1)W : ω ∈ B(H)∗}norm closure ⊂ B(H), (2.10)
and we have W ∈M(A⊗ Â).
Proposition 2.7. The multiplicative unitary gives the (left) regular co-representation
of A by
Π : H −→ H⊗M(A) (2.11)
f 7→W ′(f ⊗ 1), (2.12)
where W ′ is W21 viewed as an element in B(H) ⊗ A. By taking the dual we also
obtain the (left) regular representation for the dual algebra.
We refer to [15, 34] for more detailed discussions.
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3 Positive Representations of Uqq˜(gR)
The central object in the representation theory of split real quantum groups is the
notion of positive representations [12]. In this section we will review its definitions
and properties. For simplicity of this exposition, let us only consider simple Lie
algebra g of simply-laced type [17]. Details for the non-simply-laced case can be
found in [18].
Let q = epiib
2
with 0 < b < 1, b2 ∈ R \Q, and consider the usual Drinfeld-Jimbo
type quantum group Uq(g) generated by {Ei, Fi,Ki} for i ∈ I the root indices,
satisfying:
KiEj = q
aijEjKi, (3.1)
KiFj = q
−aijFjKi, (3.2)
[Ei, Fj ] = δij
Ki −K
−1
i
q − q−1
, (3.3)
together with the Serre relations for i 6= j:
E2i Ej − (q + q
−1)EiEjEi + EjE
2
i = 0, (3.4)
F 2i Fj − (q + q
−1)FiFjFi + FjF
2
i = 0, (3.5)
where A := (aij) is the Cartan matrix.
Theorem 3.1. [12, 17] Let
ei := 2 sin(πb
2)Ei, fi := 2 sin(πb
2)Fi. (3.6)
Note that 2 sin(πb2) =
(
i
q−q−1
)−1
> 0. Then there exists a representation Pλ
of Uq(g) parametrized by the R+-span of the cone of positive weights λ ∈ P
+
R
, or
equivalently by λ ∈ Rn+ where n = rank(g), such that
• The generators ei, fi,Ki are represented by positive essentially self-adjoint
operators acting on L2(Rl(w0)), where l(w0) is the length of the longest element
w0 ∈ W of the Weyl group.
• Define the transcendental generators:
e˜i := e
1
b2
i , f˜i := f
1
b2
i , K˜i := K
1
b2
i . (3.7)
Then the representations of the generators e˜i, f˜i, K˜i are obtained by replacing
b with b−1 in the representations of the generators ei, fi,Ki, and they generate
the other part of the modular double Uq˜(gR) with q˜ = e
piib−2 .
• The generators ei, fi,Ki and e˜i, f˜i, K˜i commute weakly up to a sign.
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The Theorem implies that Pλ is simultaneously a representation for the split real
form Uq(gR) and Uq˜(gR) by positive operators. Hence we will call Pλ the positive
representation of the modular double
Uqq˜(gR) := Uq(gR)⊗ Uq˜(gR).
For the non-simply-laced case, the transcendental relations give rise to a direct
analytic relation between the quantum group and its Langlands dual [18].
Let us present the expressions of Pλ in the case of type A1 and A2. By abuse
of notation, let us denote by
[u]e(p) := epib(−u+2p) + epib(u+2p), (3.8)
which is an unbounded positive operator. Here p := 12pii
∂
∂u
is the standard momen-
tum operator.
Proposition 3.2. [2, 32] The positive representation Pλ of Uqq˜(sl(2,R)) with λ ∈ R+
acting on f(u) ∈ L2(R) is given by
e =[u− λ]e(−p) = epib(−u+λ−2p) + epib(u−λ−2p),
f =[−u− λ]e(p) = epib(u+λ+2p) + epib(−u−λ+2p),
K =e−2pibu.
Proposition 3.3. [17] The positive representation Pλ of Uqq˜(sl(3,R)) with param-
eters λ := (λ1, λ2) ∈ R2+, corresponding to the reduced expression w0 = s2s1s2,
acting on f(u, v, w) ∈ L2(R3), is given by
e1 =[v − w]e(−pv) + [u]e(−pv + pw − pu),
e2 =[w]e(−pw),
f1 =[−v + u− 2λ1]e(pv),
f2 =[−2u+ v − w − 2λ2]e(pw) + [−u− 2λ2]e(pu),
K1 =e
−pib(−u+2v−w+2λ1),
K2 =e
−pib(2u−v+2w+2λ2).
4 Continuous Canonical Basis
Again for simplicity, in the following let us consider only the simply-laced case,
further discussions can be found in [19]. Recall that in the theory of canonical basis
introduced by Lusztig [27, 28], the necessary ingredients are the rescaled simple
root generators
E
(N)
i :=
ENi
[N ]q!
, (4.1)
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where [n]q =
qn−q−n
q−q−1
is the quantum number, and the non-simple roots vectors
given by Lusztig’s isomorphism Ti:
E(c)αk := Ti1 ...Tik−1(E
(c)
ik
), (4.2)
such that the canonical basis is given by certain linear combinations of the PBW-
basis of the form
Ec
i
:= E(cN )αN ...E
(c2)
α2
E(c1)α1 , (4.3)
where w0 = si1 ...siN is an expression of the longest element of the Weyl group W .
In the context of positive representations, the generators {Ei}i∈I of Uqq˜(gR) are
represented on Pλ by positive self-adjoint operators. Although the defining formula
for Lusztig’s isomorphism:
Ti(Ei) := −FiK
−1
i , Ti(Ej) := q
1
2EjEi − q
− 12EiEj (4.4)
in the compact case does not respect the positivity of the positive representations,
it turns out that we can consider instead our favorite rescaled generators {ei, fi}
from (3.6), and modify the scaling to obtain
Ti(ei) := qfiK
−1
i , Tj(ei) := eij :=
q
1
2 ejei − q−
1
2 eiej
q − q−1
, (4.5)
which are again positive self-adjoint, and obey the transcendental relations
e
1
b2
ij = e˜ij :=
q˜
1
2 e˜j e˜i − q˜−
1
2 e˜ie˜j
q˜ − q˜−1
. (4.6)
Furthermore, Ti is shown to be represented by conjugation by a unitary element
wi, called the quantum Weyl element. Hence all generators of the form (cf. (4.2))
eαk := Ti1 ...Tik−1(eik) (4.7)
are positive self-adjoint and satisfy the transcendental relations. In particular, the
expression eib
−1t
αk
is a well-defined bounded unitary operator acting on Pλ, and
invariant under the b←→ b−1 duality.
Therefore together with the notation Ki = q
Hi , we generalize the PBW-basis
(4.3) and the following definition is well-defined [19]:
Definition 4.1. Let n = rank(g) and N = l(w0). We define the C
∗-algebraic
version of the Borel subalgebra
Ub := UC
∗
qq˜ (b
+
R
)
as the operator norm closure of the linear span of all bounded operators on Pλ =
L2(RN ) of the form
−→
F := F0(H)
N∏
k=1
∫
C
Fk(tk)
eib
−1tk
αk
Gb(Q + itk)
dtk, (4.8)
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where Q = b+ b−1, eαk is given by (4.7) and
F0(H) := F0(ibH1, ..., ibHn) (4.9)
is a smooth compactly supported functions on the positive operators ibHk, and Fk(tk)
are entire analytic functions that have rapid decay along the real direction. Finally
the contour C is along the real axis which goes above the pole of Gb at tk = 0.
Theorem 4.2. (1) Ub is a multiplier Hopf algebra;
(2) it is invariant under the modular duality b←→ b−1;
(3) it is independent of the choice of the parameter λ;
(4) it is independent of the choice of reduced expression of the longest element
w0 ∈ W .
Proof. (1) The quantum dilogarithm function Gb appearing in the definition ensures
that Ub is indeed a multiplier Hopf algebra, where the coproduct of eαk will pick
up factors of Gb(Q+ itk) due to the q-binomial formula (Lemma A.3) and mutually
cancel, giving the correct analytic properties of the bounded operators. We see
immediately that Gb(Q + it) plays the role of the q-factorial [n]q! factors in the
compact canonical basis.
(2) The transcendental relations (1.1) and the duality properties (A.3) of Gb en-
sures that the expression is invariant under b←→ b−1, hence it indeed incorporates
the properties of the modular double.
(3) From the explicit expression of Pλ, one notes that the dependence of λ only
appears as linear terms in Hi, and the positive representation is injective (see [17]).
Hence the algebra does not depend on λ. In fact, there exists a unitary equivalence
between Pλ ≃ Pλ′ for any λ, λ′ when restricted to the Borel part, considered in
[20].
(4) Finally, we prove in [19] that the continuous span by the basis
∏N
k=1
e
ib−1tk
αk
Gb(Q+itk)
does not depend on the choice of the expression of the longest element w0. More
precisely, the change of words of w0 induces an integral transformation on the
coefficients Fk(tk) that preserves their analytic properties. (In the non-simply-
laced case however, the explicit formula is not known for type G2.) It also shows the
existence of the antipode S on the multiplier Hopf algebraic level as an unbounded
operator.
Now we can apply the construction of Drinfeld’s double in the setting of mul-
tiplier Hopf algebra [3] to obtain D := D(Ub), which is known [4] to be a quasi-
triangular multiplier Hopf algebra, where R is given by the canonical element, which
is the unique element in M(D ⊗D) such that
〈R, b⊗ a〉 = 〈a, b〉, a ∈ A, b ∈ A′. (4.10)
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Definition 4.3. We define
U := UC
∗
qq˜ (gR) := D(Ub)/(H
′
i = (A
−1)ijHj) (4.11)
to be the Drinfeld’s double of the Borel subalgebra Ub modulo the Cartan subalgebra
h ⊂ Ub−.
It follows naturally from the explicit expression of the universal R-operator
constructed in [19] which generalizes [22, 26]:
R =
∏
ij
q
1
2 (A
−1)ijHi⊗Hj
N∏
k=1
gb(eαk ⊗ fαk)
∏
ij
q
1
2 (A
−1)ijHi⊗Hj , (4.12)
together with the integral transformation (A.12) of gb (replacing the usual q-exponential
function), and the Hopf pairing between Ub and Ub− involving Gb(x) (replacing
the usual q-factorial), that the canonical element is given precisely by R. Therefore
U is indeed a quasi-triangular multiplier Hopf algebra. Furthermore, due to Lemma
A.6, R induces a unitary transformation between Pλ1 ⊗ Pλ2 ≃ Pλ2 ⊗ Pλ1 , hence
giving the braiding structure of the positive representations.
Remark 4.4. In the compact case, Lusztig’s canonical basis is certain linear com-
binations of the PBW-basis that is invariant under the bar involution q ←→ q−1.
In the non-compact case, it is expected that the true notion of a continuous canoni-
cal basis will be certain integral transformations of the continuous PBW-basis con-
structed above, which obeys some form of non-compact bar involutions involving
complex conjugations. Here the positivity condition is expected to play an impor-
tant role in its definition.
5 Tensor Products of Pλ
The notion of continuous canonical basis may provide the key to study the decom-
position of tensor products of positive representations. In the finite dimensional
situation generated by a highest weight vector ξλ with dominant integral weight λ,
the Uq(g) module is generated by basis of the form {Eci ξλ} where E
c
i
is given as in
(4.3). The decomposition of tensor product is then, roughly speaking, given by the
tensor product of the corresponding basis giving the same weight, modulo certain
monomial terms with higher order of q in the coefficients [29]. In the setting of
positive representations, there are no highest weight vector anymore, but still one
can fix an initial weight vector ξλ and define Pλ to be “generated” by generalized
functions such as
Pλ = “continuous span”
{
N∏
k=1
eib
−1tk
αk
Gb(Q+ itk)
ξλ
}
. (5.1)
As an example, in the case of Uqq˜(sl(2,R)), one can regard Pλ = L
2(R) as generated
by the initial weight vector δ(x), (where K acts as e−2pibλ), and look at the action
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of eib
−1t on δ(x) [19]:
eib
−1t · δ(x) =e
pii(t−2λ)t
2
Gb(
Q
2 − iλ+ it)
Gb(
Q
2 − iλ)
δ(x − t). (5.2)
In particular, in the analytic continuation t −→ −ib, we recover the action of e
given in Proposition 3.2.
One can then take these continuous basis and follow the decomposition in the
compact case, generalizing the formula for the decomposition Pλ1⊗Pλ2 . In principle
this will recover the intertwiner:
Pλ1 ⊗ Pλ2 ≃
∫ ⊕
R+
Pλ sinh(2πbλ) sinh(2πb
−1λ)dλ (5.3)
given by a series of integral transformations involving Gb(x) proved in [30, 32].
Of course, one has to be careful when dealing with such generalized functions in
terms of functional analysis. Nevertheless, investigating this observation, we have
the following more precise conjecture for the higher rank case.
Conjecture 5.1. The positive representations for Uqq˜(gR) is closed under taking
the tensor product, and it decomposes as
Pα ⊗ Pβ ≃
∫ ⊕
RN+
P−→γ dµ(
−→γ ), (5.4)
where −→γ =
∑
α∈∆+
γαωα suming over all the positive roots, where γα ∈ R+ and
ωα are the fundamental weights, with the abuse of notation ωα := ωα1 + ωα2 if
α := α1 + α2 is not simple. The Plancherel measure is given by
dµ(−→γ ) =
∏
α∈∆+
sinh(2πbγα) sinh(2πb
−1γα)dγα.
Remark 5.2. It was pointed out by Masahito Yamazaki that this Plancherel mea-
sure naturally comes from a somewhat indirect connection from supersymmetric
gauge theory, which is discussed for example in [6, 14].
In particular, in the simply-laced case, we believe it suffices to prove
Conjecture 5.3. The tensor product of positive representations for Uqq˜(sl(3,R))
decomposes as
P(α1,α2) ⊗ P(β1,β2) ≃
∫ ⊕
R3+
P(γ1+γ3,γ2+γ3)dµ(
−→γ ). (5.5)
Finally, let us remark that the situation is simpler if we restrict the positive
representations Pλ to the Borel part bR ⊂ gR. Using the notion of UC
∗
qq˜ (bR) and the
theory of multiplicative unitary associated to its GNS-representations, it is shown
in a recent study [20] that the positive representations Pλ restricted to bR does
not depend on λ, and it is closed under taking tensor products. This construction
induces the quantum mutation operator T which will be a key ingredient to obtain
a candidate for the quantum higher Teichmu¨ller theory, generalizing earlier work
by Frenkel-Kim [13].
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6 Harmonic Analysis of L2(G+qq˜(R))
In the last section, we would like to discuss the application of multiplier Hopf
algebra in the context of harmonic analysis on the quantized algebra of functions
on G+
qq˜
(R), which is certain dual algebra to Uqq˜(gR). This is motivated from the
following form of Peter-Weyl theorem [15, 31]
L2(SL+
qq˜
(2,R)) ≃
∫ ⊕
R+
Pλ ⊗ P
∗
λdµ(λ) (6.1)
as left and right regular representations of Uqq˜(sl(2,R)), where the Plancherel mea-
sure dµ(λ) is the same as before.
Here, the Hilbert space L2(SL+
qq˜
(2,R)) is constructed as follows. Starting
with the quantum plane generated by positive self-adjoint elements {A,B} with
AB = q2BA, one define the C∗-algebraic version Aqq˜ similar to the construction of
Ub, giving it a multiplier Hopf algebra structure, as well as imposing the modular
duality b ←→ b−1. With the existence of a Haar functional and certain density
conditions, Aqq˜ can be shown to be a locally compact quantum group in the sense
of [24, 25]. Finally, by applying Woronowicz’s quantum double construction, which
is the dual of Drinfeld’s double construction, we obtain a multiplier Hopf algebra
A(SL+
qq˜
(2,R)), and the Hilbert space L2(SL+
qq˜
(2,R)) is defined by its von Neu-
mann completion using the GNS representation. The analysis utilizes the power
of the multiplicative unitary W associated to the GNS representation of the quan-
tum plane, and the corresponding quantum double counterparts, which is the key
ingredient to construct the regular representations of Uqq˜(sl(2,R)).
One natural question is the extension of this result to the higher rank. In [20],
we define the Gauss-Lusztig’s decomposition (for type An), which plays the role
of Woronowicz’s quantum double construction. Here using Lusztig’s data for the
totally positive matrices, the space G+
qq˜
(R) is given by an algebra generated by el-
ements that form interconnecting q-tori. Different parametrization of the Lusztig’s
data gives intertwiners that is also closely related to the positive representations on
a combinatorial level [17, 23]. Imposing positivity, we can mimic the construction in
the case of the quantum plane and give this algebra a multiplier Hopf algebra struc-
ture, as well as it’s von Neumann completion, hence the Hilbert space L2(G+
qq˜
(R)).
One can then discuss the regular representations of Uqq˜(gR) acting on this space,
and give the following conjecture.
Conjecture 6.1. We have the decomposition
L2(G+
qq˜
(R)) ≃
∫ ⊕
Rn+
Pλ ⊗ P
∗
λdµ(λ) (6.2)
as left and right regular representations of Uqq˜(gR). This time, however, λ runs
through the fundamental weights ωi corresponding to simple roots only.
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A Quantum Dilogarithms
First introduced by Faddeev and Kashaev [9], the quantum dilogarithm Gb(x) and
its variant gb(x) play a crucial role in the study of positive representations of split
real quantum groups, and also appear in many other areas of mathematics and
physics. In this appendix, let us recall the definition and some properties of the
quantum dilogarithm functions [2, 15, 32] that is needed in this paper.
Definition A.1. The quantum dilogarithm function Gb(x) is defined on
0 ≤ Re(z) ≤ Q by
Gb(x) = ζb exp
(
−
∫
Ω
epitz
(epibt − 1)(epib−1t − 1)
dt
t
)
, (A.1)
where
ζb = e
pii
2 (
b2+b−2
6 +
1
2 ), (A.2)
and the contour goes along R with a small semicircle going above the pole at t = 0.
This can be extended meromorphically to the whole complex plane with poles at
x = −nb−mb−1 and zeros at x = Q+ nb+mb−1, for n,m ∈ Z≥0;
The quantum dilogarithm Gb(x) satisfies the following properties:
Proposition A.2. Self-duality:
Gb(x) = Gb−1(x); (A.3)
Functional equations:
Gb(x+ b
±1) = (1− e2piib
±1x)Gb(x); (A.4)
Reflection property:
Gb(x)Gb(Q − x) = e
piix(x−Q); (A.5)
Complex conjugation:
Gb(x) =
1
Gb(Q− x¯)
, (A.6)
in particular ∣∣∣∣Gb(Q2 + ix)
∣∣∣∣ = 1 for x ∈ R; (A.7)
Asymptotic properties:
Gb(x) ∼
{
ζ¯b Im(x) −→ +∞
ζbe
piix(x−Q) Im(x) −→ −∞
, (A.8)
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Lemma A.3 (q-binomial theorem). For positive self-adjoint variables U, V with
UV = q2V U , we have:
(V + U)ib
−1t =
∫
C
(
it
iτ
)b
V ib
−1(t−τ)U ib
−1τdτ, (A.9)
where the q-beta function (or q-binomial coefficient) is given by(
t
τ
)b
=
Gb(Q+ t)
Gb(Q + τ)Gb(Q + t− τ)
, (A.10)
and C is the contour along R that goes above the pole at τ = 0 and below the pole
at τ = t.
Definition A.4. The function gb(x) is defined by
gb(x) =
ζb
Gb(
Q
2 +
log x
2piib )
, (A.11)
where log takes the principal branch of x.
Lemma A.5. [2, (3.31), (3.32)] We have the following Fourier transformation
formula: ∫
R+i0
e−piit
2
Gb(Q + it)
X ib
−1tdt = gb(X), (A.12)
where X is a positive operator and the contour goes above the pole at t = 0.
Lemma A.6. By (A.7), |gb(x)| = 1 when x ∈ R+, hence gb(X) is a unitary
operator for any positive operator X. Furthermore we have the self-duality of gb(x)
given by
gb(X) = gb−1(X
1
b2 ). (A.13)
Acknowledgments
I would like to thank the organizing committee of the RIMS symposium on String
Theory, Integrable Systems and Representation Theory for their invitation. I would
also like to thank in particular Hiraku Nakajima, Masato Okado, Tomoki Nakanishi
and Yoshiyuki Kimura for stimulating interesting discussions and providing useful
comments. This work was supported by World Premier International Research
Center Initiative (WPI Initiative), MEXT, Japan.
13
References
[1] S. Baaj, G. Skandalis, Unitaires multiplicatifs et dualite´ pour les produits
croise´s de C∗-alge`bres. In Annales scientifiques de l’Ecole normale supe´rieure,
Socie´te´ mathe´matique de France 26 (4), 425-488, (1993)
[2] A.G. Bytsko, K. Teschner, R-operator, co-product and Haar-measure for the
modular double of Uq(sl(2,R)), Comm. Math. Phys., 240, 171-196, (2003)
[3] L. Delvaux, A. van Daele, The Drinfel’d double of multiplier Hopf algebras,
Jour. Alg., 272(1), 273-291, (2004)
[4] L. Delvaux, A. van Daele, The Drinfel’d double versus the Heisenberg double
for an algebraic quantum group, Jour. Pure App. Alg., 190, Issues 1-3, 59-84,
(2004)
[5] V. G. Drinfeld, Hopf algebras and the quantum Yang-Baxter equation, Doklady
Akademii Nauk SSSR, 283 (5), 1060-1064, (1985)
[6] N. Drukker, D. Gaiotto, and J. Gomis, The Virtue of Defects in 4D Gauge
Theories and 2D CFTs, Journal of High Energy Physics, 6, 1-54, (2011)
[7] L.D. Faddeev, Discrete Heisenberg-Weyl group and modular group, Lett. Math.
Phys., 34, 249-254, (1995)
[8] L.D. Faddeev, Modular double of quantum group, arXiv:math/9912078v1
[math.QA], (1999)
[9] L.D. Faddeev, R.M. Kashaev, Quantum dilogarithm, Modern Phys. Lett. A9,
427-434, (1994)
[10] V. A. Fateev, A. V. Litvinov, Correlation functions in conformal Toda field
theory I, Journal of High Energy Physics, 11, 002, (2007)
[11] V. Fock, A. Goncharov, Moduli spaces of local systems and higher Teichmu¨ller
theory, Publications Mathmatiques de l’Institut des Hautes tudes Scientifiques,
103 (1), 1-211, (2006)
[12] I. Frenkel, I. Ip, Positive representations of split real quantum groups
and future perspectives, Int. Math. Res. Notices, to appear (2013)
doi:10.1093/imrn/rns288.
[13] I. Frenkel, H. Kim, Quantum Teichmu¨ller space from quantum plane, Duke
Math. J., 161 (2), 305-366, (2012)
[14] K. Hosomichi, S. Lee, J. Park, AGT on the S-duality Wall, Journal of High
Energy Physics, 12, 1-15, (2010)
[15] I. Ip, Representation of the quantum plane, its quantum double and harmonic
analysis on GL+q (2, R), Selecta Mathematica, 19 (4), 987-1082, (2013)
14
[16] I. Ip, Gauss-Lusztig decomposition of GL+q (n,R) and representations by q-tori,
arXiv:1111.4025 (2011)
[17] I. Ip, Positive representations of split real simply-laced quantum groups,
arXiv:1203:2018, (2012)
[18] I. Ip, Positive representations of split real quantum groups of type Bn, Cn, F4,
and G2, arXiv:1205.2940, (2012)
[19] I. Ip, Positive Representations of Split Real Quantum Groups: The Universal R
Operator, Int. Math. Res. Notices, to appear (2013), doi:10.1093/imrn/rnt198
[20] I. Ip, On tensor products of positive representations of split real quantum Borel
subalgebra Uqq˜(bR), arXiv: 1405.4786, (2014)
[21] M. Kashiwara, On Crystal Bases of the Q-Analogue of Universal Enveloping
Algebras, Duke J., Vol 63 (2), (1991), 465-516
[22] A. Kirillov, N. Reshetikhin, q-Weyl group and a multiplicative formula for
universal R matrices, Commun. Math. Phys., 134, 421-431, (1990)
[23] A. Kuniba, M. Okado, Y. Yamada, A Common Structure in PBW Bases of
the Nilpotent Subalgebra of Uq(g) and Quantized Algebra of Functions, SIGMA
9, 049 (2013)
[24] J. Kustermans and S. Vaes, Locally compact quantum groups, Ann. Sci. Ecole
Norm. Sup. (4) 33, 837-934, (2000)
[25] J. Kustermans and S. Vaes, Locally compact quantum groups in the von Neu-
mann algebraic setting, Math. Scand. 92, 68-92, (2003)
[26] S. Levendorski˘ı, Ya. Soibelman, Some applications of the quantumWeyl groups,
Jour. Geom. Phys., 7 No. 2, 241-254, (1990)
[27] G. Lusztig, Canonical Bases Arising from Quantized Enveloping Algebras,
Jour. AMS, Vol 3., No. 2 (1990), 447-498
[28] G. Lusztig, Canonical Bases Arising from Quantized Enveloping Algebras. II,
Prog. Theo. Phys. Supp. No.102, (1990), 175-201
[29] G. Lusztig, Canonical bases in tensor products, Proc. Natl. Acad. Sci. USA,
Vol 89, (1992), 8177-8179
[30] I. Nidaiev, J. Teschner On the relation between the modular double of
Uq(sl(2,R)) and the quantum Teichmu¨ller theory, arXiv:1302.3454 (2013)
[31] B. Ponsot, J. Teschner, Liouville bootstrap via harmonic analysis on a non-
compact quantum group, arXiv: hep-th/9911110, (1999)
15
[32] B. Ponsot, J. Teschner, Clebsch-Gordan and Racah-Wigner coefficients for a
continuous series of representations of Uq(sl(2,R)), Comm. Math. Phys., 224,
613-655, (2001)
[33] J. Teschner, On the relation between quantum Liouville theory and the quan-
tized Teichmu¨ller spaces, Int. J. Modern Phys A 19 (supp02), 459-477, (2004)
[34] T. Timmermann, An invitation to quantum groups and duality, EMS Text-
books in Mathematics, (2008)
[35] A. van Daele, Multiplier Hopf algebras, Trans. Amer. Math. Soc. 342 917-932,
(1994)
[36] S.L. Woronowicz, From multiplicative unitaries to quantum groups, Int. J.
Math. 7(1), 127-149, (1996)
[37] N. Wyllard, AN−1 conformal Toda field theory correlation functions from con-
formal N = 2 SU(N) quiver gauge theories, Journal of High Energy Physics,
11 002, (2009)
16
